Flexible polyurethane foam is widely used in numerous comfort applications such as automotive seat cushions and mattresses. It would be interesting to design a mechanical model which describes the behavior of this material in a series of test conditions. This study is devoted to the modeling of the quasi-static behavior of polyurethane foam using a memory integer model. Polyurethane foam undergoing large compressive deformation exhibits highly nonlinear elasticity and a viscoelastic behavior. The memory integer model describes the nonlinearity in a polynomial function and the viscoelasticity through a convolution function. Uniaxial compression tests help to identify the mechanical parameters of the model. The difference between the force responses of foam in load and unload phases constitute the base element of the method used in this article. Numerous precautions are taken into account to obtain accurate results which verify the thermodynamic conditions. Finally, the reliability as well as the limits of the memory integer model are discussed.
Introduction
Polyurethane foam is a cellular material characterized by an interesting spectrum of mechanical properties 1 such as: low density (generally less than 80 kg/m 3 for flexible foam), the ability to absorb the strain energy and low stiffness. This spectrum makes foam a reliable mechanical shock absorber and a major engineering material widely used in numerous comfort applications such as automotive seat cushions and mattresses.
To characterize foams, several standards, such as the American standard D3574-95 of the American Society for Testing Material, 2 specify the methods and tests for the assessment of foam properties. Among the tests, there is the indentation force deflection test, the compression force deflection test, the ball rebound test, and dynamic tests such as transmissivity and impact tests. A number of studies have considered foam behavior in different test conditions. In mechanics, there are four types of studies: static behavior, 3, 4 quasi-static behavior, [5] [6] [7] [8] [9] dynamic behavior, [9] [10] [11] [12] [13] [14] and fatigue behavior. 15, 16 All these studies show that foam cannot be considered as a purely elastic material or as a purely viscous material. They confirm that polyurethane foam has a viscoelastic behavior. In the case of the static study, the creep and relaxation tests show that creep function is neither time independent nor time proportional. The hysteresis cycle observed on the response displacement force of polyurethane foam undergoing large compressive loading and unloading deformation highlights the viscoelastic behavior. In the case of dynamic design, the force-displacement phase difference is between =2 and 0. This illustrates another manifestation of the foam viscoelastic behavior.
Two types of analyses help to predict the mechanical response of polyurethane foams: microscopic analysis and macroscopic analysis.
The micro-mechanical models consider the fundamental components of foam such as shape cells, facets, and beam cells (e.g., cubic and tetrahedral cells are considered, respectively, by Gibson and Ashby 1 and Warren and Kraynik 17, 18 ). In the first step, the mechanical parameters of only one cell are determined in a simple analytic study. The mechanical response is then predicted using the finite elements method or finite volumes method or else the Vornoi technique, which supposes a random distribution of different shape cells. 19, 20 Finally, the model is adjusted by comparing the simulated response and experimental response. The microscopic analysis develops relationships between the geometric properties of cells and the elastic properties of foam. It shows that foam undergoing large deformation exhibits a nonlinear elastic behavior. However, this analysis cannot predict dynamic properties.
Contrary to the microscopic analysis, the macroscopic analysis considers the overall response of a foam sample in order to estimate the macro-mechanical material parameters such as the global Young's modulus, quasi-static and dynamic stiffness, the damping coefficient, and viscoelastic compounds. In the framework of this analysis, there are two types of models: the energetic and memory models.
The analytic energetic models determine the strain energy function from the Cauchy Green left tensor. They can depend on one material parameter (e.g., Yeoh model, 21 Arruda and Boyce 22 model, and Neo-Hookean model 23 ) or on two material parameters 6 (e.g., Mooney-Rivlin model and Van der Waals model). The Ogden model 24, 25 is a more general energetic model which is supposed to be composed of multiple Green Lagrange generalized models. These energetic models confirm the nonlinear elastic behavior of foam undergoing large deformation.
As regards specific foam macroscopic memory models, there are two types of models: the integer memory model 9, [11] [12] [13] and the fractional memory model. 5, 10 They illustrate the historical effect on the behavior of foam. Indeed, in the case of the quasi-static or dynamic compression tests, the foam response, in current calculus instant, is influenced by all the previous response values. The memory models describe the nonlinearity of elastic behavior through a polynomial function and the viscoelasticity in a convolution function which is derived from an ordinary derivation equation in the case of the integer model or from a fractional derivation equation in the case of the fractional model. The integer memory model will be presented in this article.
To identify the integer model parameters, Singh et al. 11 consider a dynamic compression test. In his first work, he models polyurethane foam using linear integer model (linear elastic behavior with a convolution function for viscoelastic behavior) and develops an analytical identification process in the case of low amplitude impact tests. In his second work, Singh et al. 12 also consider a linear integer model and estimates the dynamic properties of foam with a Prony series. In a final work, Singh et al. 12 identify the nonlinear integer model parameters using the balance harmonics when the input test (displacement) is sinusoidal. Recently, Ippili et al. 9 have considered a quasi-static compression test. In his work, the average curve between load and unload phases constitutes the initial elastic polynomial for his method. It will then be adjusted in order to obtain the best correspondence between the experimental and model forcedisplacement curves. The viscoelastic parameters are obtained using a linear regression estimation method (e.g., ARMA method). This method is called average force method.
To identify the fractional model parameters, Deng et al. 5 have developed a method based on the elastic force symmetry between the load and unload quasistatic compression phases. The experimental curve, representing the difference forces between the load and unload phases, is then determined and the viscoelastic parameters are identified using minimizing methods of the average least square error between the latter curve and the same model curve. If the difference-forces function is not convex, the minimizing process can converge to local minimum and the results of identification are inaccurate.
The average force is just an initial supposition of elastic response with no fundamental physical bases. However, the symmetry of elastic response hypothesis is assumed to be logical and physical.
In this article, an integer memory model is considered to study the behavior of polyurethane foam undergoing large quasi-static compressive deformation. The model parameters are identified by using difference between load and unload forces method. An approach is developed to insure large probability to find accurate results.
Experiments

Polyurethane foam samples
Polyurethane foam, designated by foam Type A in the tests, has the same characteristics as seat car foam. The properties of foam Type A are summarized in Table 1 .
To ensure reliable and generalizable results, 81 specimens of foam Type A have been used ( The minimum numbers of specimens by test are calculated to insure a good accuracy for the statistic results. The procedure is more detailed in the section 'Validation results and discussion.'
Quasi-static compression test and experimental device
The quasi-static compression device 'Instron 33R4240' (tension-compression machine) includes a basis frame and an upper block which moves vertically. The quasi-static test consists in sandwiching the foam sample between the upper frame and the basis machine up to final compression level (load phase) and in unloading progressively up to initial compression level (unload phase, second step). To minimize the noise contribution, the maximum experimental response force of foam must be slightly less than the load cell maximum capacity. Displacement and force sensors are already integrated in the machine. The number of cycles, the test conditions (maximum compression level, strain rate, etc.), the sampling period, and mechanical properties to extract are defined through the 'Blue Hill' test configuration Window (Figure 1 ). Foam Type A is initially between the upper frame and the basis machine. The test begins when the upper frame affects the foam. The quasi-static compression tests have two phases of load and unload. In the load phase, the upper block moves vertically compressing the foam to the final level defined previously. In the second phase, the upper block changes direction to return to its starting position. The strain rate is considered constant in the two phases.
The conditions tests are grouped in Table 2 .
The experimental force-displacement response of foam Type A, for all tests, is presented in Figure 2 . These tests allow the extraction of the minimum and maximum experimental envelopes. The experimental results of the tests show a hysteresis foam response. It is also observed that the dispersion during the load phase seems more important than the dispersion during the unload phase. Modeling Polyurethane foam undergoing large compressive deformation is assumed to be homogeneous, isotropic with constant cross-section. 6 It exhibits highly nonlinear elasticity and viscoelastic behavior.
Elastic behavior
The elastic foam component is typically modeled by a nonlinear spring described by a power function. In this article, it is modeled by a polynomial function:
Viscoelastic behavior 
The integer model of viscoelasticity (Equation (3)) is obtained when r 4 n, r 4 2 and the all poles of the impulsion response are distinct. In this study, P is considered equal to two.
If r ¼ n, r 4 2, and c 0 ¼ 0, the viscoelastic force is generally composed of purely elastic component and memory terms:
Nonlinear integer model
The convolution product takes account of the memory criterion of foam. The polynomial function indicates the nonlinear behavior. For these reasons, the global model of foam undergoing large compressive deformation is called nonlinear memory integer model:
Thermodynamic conditions
The thermodynamic conditions are the causality and stability conditions of the model. They are determined from the Fourier transform G j! ð Þ (Equation (5)) of the pulse model response, neglecting nonlinear components.
To ensure the stability and causality of the model, it is necessary to verify the following conditions:
Considering the two cases of !°0 and !°þ 1, the thermodynamic conditions of the integer model are grouped in Table 3 .
Identification method
Difference-forces method
In the case of the quasi-static compression test, the strain rates in load and unload are considered equal. So, the displacement curve x t ð Þ is represented as an isosceles triangle (Figure 3 ). The times ðt 1 , t 2 Þ correspond to the same displacement x 0 , respectively, in the load and unload phases. They are related by the following expression:
The difference-forces method is based on the symmetry of the elastic force between the load and unload phases. So only the viscoelastic parameters are present in the analytical expression of the difference forces between load and unload:
Using the previous Equations (8) and (9), the load time projection of the difference forces is determined: 
stability condition of viscoelastic component)
The difference-forces method consists in establishing, through an optimization method, the viscoelastic parameters which allows help to minimize the least mean square error between the analytical and experimental difference forces (Figure 4 ). In the second step, the reconstruction of the viscoelastic force in the load and unload phases allows the determination of the elastic force. Then, the symmetry condition of the elastic force must be verified and the elastic polynomial coefficients are identified using MATLAB.
To improve the accuracy of the viscoelastic model parameters while minimizing calculation time, the real form of Equation (10) is worth developing:
The algorithm of this method is summarized in Figure 5 . 
Optimization approach
Optimization methods are the basic tools for viscoelastic parameter identification. There are two types of optimization methods -deterministic and random methods. Deterministic methods (e.g., Gauss-Seidel, Trust region reflective, Levenberg-Marquardt and Gradient methods) are effective when the objective function (function to optimize) changes rapidly and when it has a known prior form so that it is possible to choose an initialization near the global minimum. However, in the general case, these methods are not able to find the global minimum.
Random methods (e.g., Monte Carlo, Nelder-Mead algorithm and genetic algorithm) are reliable in the case of functions which cannot be differentiated and in the case of fractal and noisy functions. In addition, these methods offer great probability to find the global minimum when the objective function has numerous local minima. However, they require excessive calculation time compared with deterministic methods.
In order to exploit the advantages of deterministic methods while insuring high probability to find the global minimum, an approach in three steps is considered. It consists in using both the genetic algorithm ('gatool' command of MATLAB) and the Trust region reflective method ('lsqnonlin' command). The first step gives a great chance to find the initialization for the lsqnonlin solver near the global optimum using the genetic algorithm with gross stopping criteria and without boundary constraints. In the second step, the search for the best combination of viscoelastic parameters which minimizes the least mean square error between the analytical and experimental difference forces is finalized using the lsqnonlin MATLAB solver with tight stopping criteria. Finally, the solution found in the second step is injected into a random initial population of genetic algorithm to verify that it is effectively the global minimum. The stopping criterion in this third step is the generation number fixed at 100. For the steps two and three, the thermodynamic conditions are used as boundary constraints.
Validation results and discussion
The viscoelastic parameters found by Ippili et al. 9 in the case of a quasi-static study depends on the test conditions (strain rate, final compression level, and test period). In this study, the idea is to replace the viscoelastic parameters by dimensionless parameters (Table 4 ) in order to determine any possible relations between viscoelastic parameters and test conditions.
The identification results are grouped in Table 5 .
To validate these results, it is necessary to examine five criteria: the thermodynamic conditions, statistic quality, accurate Á F estimation, elastic symmetry hypothesis, and the model force response between the experimental envelopes.
The parameter results verify the thermodynamic conditions presented in Table 3 .
They are the mean of N test samples ( Table 2) which is determined to ensure the statistical quality of all identified parameters for each strain rate (second criteria). This quality is reviewed through the set at a 95% confidence level and the statistical error limit 'SLE' which must not exceed 10%. The minimum number of test samples for each strain rate is calculated using the following equation:
where ðm l , l Þ are the estimated average and standard deviation values corresponding to lth parameter. They are calculated from the identification results of the 
Fmax l 0 " max T F max ¼ maxðFÞ is determined from tests preliminary test battery (15 test samples). u l the coefficient determined from a probability table suitable for the estimated probability law of lth parameter. In this article, the Student law is assumed for all parameters.
The third criterion is the comparison of model and experimental differenceforces between load and unload phases, as shown in Figure 6 . The maximum relative error between the experimental and analytical curves is in the order of 5%. It is also shown in Figure 6 that the initial part of the analytical curve has shifted compared with the experimental curve. This is explained through the interpretation of Figure 7 . In this figure, it is shown that the model reconstructs the foam force response in good similarity with the experimental force response. But at the end of the test, the model and experimental responses are not the same and the difference is very important. In fact, a residual stress pushes foam to return into a final position, different from the initial one before the test. This is a result of the viscoelasticity behavior. So, the contact between the upper frame and the foam is lost and the experimental force response is inaccurate. Figure 7 shows that the foam model anticipates the force response between the minimum and maximum experimental envelopes. So the fourth criterion is verified.
The symmetry of the elastic force between the load and unload phases is the basis assumption of difference-forces method. Therefore, the symmetry condition must be verified to validate the identification parameters. The reconstruction of the global elastic response, presented in Figure 8 , shows that the model results verify the elastic symmetry. This is the fifth and last criterion.
It has been shown that the viscoelastic dimensionless parameters are invariant for all strain rates. So it is possible to characterize the viscoelastic behavior of polyurethane with these parameters independently of test conditions. The use of dimensionless parameters makes optimization algorithms faster. Moreover, it improves the conditioning matrix used in the estimation method. However, the order value of the global elastic response and of the viscoelastic response ( Figure 9 ) is very important. The global elastic polynomial is almost linear Model difference forces between load and unload phases Experimental difference forces between load and unload phases Figure 6 . Comparison between model and experimental difference forces: (a) strain rate ¼ 1.06 Â 10 À2 s À1 , (b) strain rate ¼ 5.3 Â 10 À3 s À1 , (c) strain rate ¼ 6.66 Â 10 À4 s À1 .
( Figure 8) . This contradicts the studies presented in the introduction and the first assumption: foam under large deformation exhibits a nonlinear elastic behavior. The linearity is due to the dominance of the global stiffness response of the first order (k 1 x ) P M i¼2 k i x i ). This stiffness k 1 can be composed of two terms: spring elastic stiffness K 1 and viscoelastic origin stiffness K ve (Equations (1), (5) and (6)). The comparison between the foam force response in various strain rates ( Figure 10 ) shows that the unload phase is the same for all strain rates. So, it seems possible to extract the spring elastic stiffness information about it. This idea opens the way for future research work on how to improve the macroscopic integer model.
Note that, in this article, M is considered to be equal to eight for future comparison with fractional model. Figure 7 . Reconstruction of the force response of foam: (a) strain rate ¼ 1.06 Â 10 À2 s À1 , (b) strain rate ¼ 5.3 Â 10 À3 s À1 , (c) strain rate ¼ 6.66 Â 10 À4 s À1 . 
